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' Abstract: We obtain character formulas of minimal affinizations of representa- 

, tions of quantum groups when the underlying simple Lie algebra is orthogonal 

CsJ ' and the support of the highest weight is contained in the first three nodes of the 

1— H , Dynkin diagram. We also give a framework for extending our techniques to a 

I ^ ' more general situation. In particular, for the orthogonal algebras and a highest 

weight supported in at most one spin node, we realize the restricted classical 
limit of the corresponding minimal affinizations as a quotient of a module given 
by generators and relations and, furthermore, show that it projects onto the sub- 
' module generated by the top weight space of the tensor product of appropriate 

I restricted Kirillov-Reshetikhin modules. We also prove a conjecture of Chari and 

Pressley regarding the equivalence of certain minimal affinizations in type D^. 

^ '■ 
» . 

^ ■ Introduction 

The representation theory of aflfine Kac-Moody algebras and their quantum groups has been inten- 

^SI ■ sively studied from a broad range of perspectives in the last two decades. In this paper we focus on 

^ I non- twisted quantum affine Kac-Moody algebras and their finite-dimensional representations. Let g 
be a finite-dimensional simple Lie algebra over the complex numbers, = 5 iX" C[f,t~^] the associated 

pq' , loop algebra, and Ug{Q),Ug{Q) their Drinfeld-Jimbo quantum groups over C{q), where q is an inde- 

CN ' terminate. The affine Kac-Moody algebra is a one-dimensional central extension of g but, since the 

^SJ ■ center acts trivially on finite-dimensional modules, it suffices to consider the loop algebra. It turns out 

[ that the finite-dimensional representations of Uq{Q) are weight modules, i.e., every vector is a linear 

I combination of common generalized eigenvectors for Uq{t)) where f) is a fixed Cartan subalgebra of g 

' and f) = f) C[t, t^^]. Moreover, the simple modules are highest-£-weight and the set of all dominant 

• ^ . ^-weights is in bijection with the monoid of n-tuples of polynomials in one variable with constant 

^ I term 1, where n is the rank of g. The set of all ^-weights corresponds to the group Vg associated to 

■ . By specializing g at 1 one recovers the finite-dimensional representation theory of g. 

Given a nonzero complex number o, let ev^ : g — g be the evaluation map f{t) 1— > f{a)x. If V is 
a g-module, one can consider the pullback V{a) of V by ev^. In particular, every irreducible g-module 
can be turned into a g-module. In the quantum case, unless g is of type A, there is no analogue of the 
evaluation map and, in fact, most often, an irreducible C/g(g)-module cannot be turned into a C/g(g)- 
module. By allowing the underlying vector space to be enlarged in a "controlled" way, a concept of 
quantum affinization of an irreducible C/g(g)-module was introduced in [4]. Two affinizations are said 
to be equivalent if they have isomorphic [/q(g)-structures. It follows from the classification of the finite- 
dimensional irreducible ?7g(g)-modules that every finite-dimensional irreducible C/g(g)-module has at 
least one equivalence class of affinizations. Moreover, there are finitely many equivalence classes of 
affinizations and the usual partial order on the weight lattice P of g induces a partial order on the 
set of equivalence classes of affinizations of a given irreducible C/q(g)-module. Representatives of the 
minimal elements with respect to this partial order are called minimal affinizations. Although an 
almost complete classification of the highest ^-weights of equivalence classes of minimal affinizations 
was obtained in [4, 17, 18, 19], their structure remained essentially unknown except when g is of type 
A or B2. Further progress was made after the introduction of the concept of g-characters in [23], 
which we prefer to call ^-characters as explained in Section 4.3. 
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The i'-character of a finite-dimensional J7g(fl)-module V is the associated element char^(y) of the 
integral group ring 1^[Vq] which records the dimensions of the ^-weight spaces of V. Given A G V^, 
let us denote by V^(A) the irreducible [/q(fl)-module with highest ^-weight A. Finding formulas for 
the i'-character of V^(A) is still an an open problem in general. In [22], E. Frenkel and E. Mukhin 
defined an algorithm, now widely known as the Frenkel-Mukhin algorithm which for agiven A G 
returns an element of '^[Pq] that was conjectured to be char^(F£,(A)). The conjecture was proved for 
certain situations in [22] , but it has recently been shown that this is not always the case [34] . However, 
even in the situations for which the conjecture holds, the task of translating the information given 
by the algorithm into general closed formulas remains a challenge. For further details on the theory 
of ^-characters, beside the aforementioned literature, we refer the reader to the very recent survey [8] 
and the references therein. Wc remark that in [32, 33] the authors give path-tableaux descriptions of 
Jacobi-Trudi determinants which, conjecturally, coincide with the ^-characters if g is of classical type. 
This conjecture has been partially proved if g is of type B in [24] (see also [8]). 

Another approach for studying minimal affinizations is by considering their classical limit. Even 
though most of the ^-character information is lost in this process, it provides an effective tool to stTidy 
their ?7g(g)-structure, i.e., their characters. The ?7q(g)-structure of the minimal affinizations belonging 
to the family of Kirillov-Reshetikhin modules was obtained in [5] partially using this approach. The 
proof consisted in showing that the conjectural character was both a lower and an upper bound for 
the character of the given Kirillov-Reshetikhin module. While the latter was proved by working with 
the classical limit, the proof of the former was done in the quantum context. Later on, it was shown in 
[11, 12] that both "upper and lower bound" parts of the proofs of the results of [5] could be performed 
by working with the current algebra g[t] = g C[t]. Characters of Kirillov-Reshetikhin modules 
for twisted affinc algebras were also obtained in [11, 12] in this manner. The Kirillov-Reshetikhin 
modules were introduced in [30] (in the context of Yangians rather than quantumm affine algebras) in 
connection with the Bethe Ansatz. They are the minimal affinizations of the irreducible (g)-modules 
whose highest weights are multiples of the fundamental weights of g. 

The main goal of the present paper is to initiate a program for extending the approach of [11, 12] to 
more general minimal affinizations other than Kirillov-Reshetikhin modules. We prove several partial 
results in this direction and carry out the whole program in the simplest cases. In particular, we 
obtain character formulas for minimal affinizations in the case that g is orthogonal and the support 
of the highest weigh is contained in the first three nodes of the Dynkin diagram of g. We now give a 
summary of our results. 

Given a dominant integral weight A = ^ niiLOi (where Wj, i = 1, . . . , n, are the fundamental weights 
of g), we define restricted graded g[i] -modules M(A) and T(A). The former is given by generators 
and relations while the latter is the submodule generated by the top weight space of ®iM{miOJi). We 
conjecture that these modules are isomorphic. This is a generalization of one of the main results of 
[11, 12]. The conjecture clearly holds for type A. The defining relations for the module M(A) are, 
roughly speaking, the intersection of the relations satisfied by the corresponding restricted Kirillov- 
Reshetikhin modules M{miUJi). In particular, it is immediate that T(A) is a quotient of M(A). We 
prove this conjecture when g is orthogonal and A is supported only in the first three nodes of the 
Dynkin diagram of g. If g is of type D, the proof also works in the case that both spin nodes are in 
the support of A. As a byproduct of the proof, we obtain the characters of the modules M(A) in these 
cases. Namely, assume g is of type f?„ and that the nodes of the Dynkin diagram of g arc labeled as 
in [25]. Given A = mitoi + m2L02 + m^^Jz, consider the set ^ = {r = (ri,r2,r3) G Z>q : ri + r2 < 
[a3m3],r2 < m\,rz < [a2"^2]}, where [m] denotes the integer part of the rational number m, a„ = 1/2, 
and Oj = 1 for i 7^ n. Then, we have an isomorphism of g-modules: 

(1) M(A) ^ F((mi + n - r2)uji + (ma + - a^^n)uj2 + (ma - ^(n + r2))uj^). 
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Here, V{fi) denotes the irreducible 5-module of highest weight /x G P"*". If q is of type D„ with n > 5 
and A = miuji + m2UJ2 + mawa + mn-i^n-i + fnn^n-, the g-structure of M(A) is given by (1) as well 

(in this case Oj = 1 for all i). If n = 4 and A G P"*", then M(A) = © y(A — ruj2) as a g-module. 

r = 

On the other hand, by regarding the classical limit of a minimal affinization Vq{X) as a fl[t]-module 
and then shifting the associated spectral parameter to zero, we obtain modules L{X) which we call 
the restricted limit of V^(A). Let A be the maximal weight of Vq{X). Wc prove that r(A) is a quotient 
of L{X) (Proposition 3.18). Moreover, for orthogonal g, we prove that L{X) is a quotient of M(A) 
provided that A is supported in a connected subdiagram of type vl if g is of type D (Proposition 3.19). 
Therefore, if indeed M(A) is isomorphic to r(A) as conjectured, it would follow that they are also 
isomorphic to L[X) in the above cases. In particular, equation (1) above describes the ?7g(0)-structure 
of Vq{X) when g is orthogonal and A is supported only on the first three nodes of the Dynkin diagram 
of g (and possibly on one of the spin nodes if g is of type D). For g of type P2, the same result was 
obtained in [4] by working purely in the quantum setting. If g is of type Bn and the value of A on the 
coroot associated to the spin node is even, then the ^-character (and hence the character) of V^(A) 
can be computed using the tableaux expression of Jacobi-Trudi determinant (see [8, §7.6]). We expect 
that, if the minimal connected subdiagram of the Dynkin diagram of g containing the support of A does 
not contain a subdiagram of type D4 (in which case Vq{X) has a unique equivalence class of minimal 
affinizations) , Proposition 3.19 remains vahd and, hence, that the modules T(A),M(A), and L{X) are 
isomorphic. To keep the length of the present paper within reasonable limits, we leave the quest of 
pursuing the proofs of these conjectures in a more general setting to a forthcoming publication. 

When V^(A) has more than one equivalence class of minimal affinizatios, it is certainly not true 
that L[X) is a quotient of M(A) (in fact, it is the other way round). It was proved in [17] that, if A 
is supported in the triply connected node of the Dynkin diagram of g, then there are exactly three 
equivalence classes of minimal affinizations. We define g[t] -modules Mfc(A), A; = 1, 2, 3, and prove that 
L{X) is a quotient of Mfc(A) for exactly one value of k. Naturally, we expect that L{X) is isomorphic to 
the appropriate M^{\). We prove that this is so if g is of type D/^ and obtain the character of M^.(A) 
in this case. Namely, let A = miwi + m20J2 + ^-3^3 + niiUJi, where the triply connected node is labeled 
by 4, suppose k} = {1, 2, 3}, and set ,4^ = {r G Z>q : ri < mfe, ri + r2 < min{mi, mj}, rs < mi\. 
Then, we have an isomorphism of g-modules 

(2) Mk{\)^ V{\-{ri-r2)uk-{ri + r2){ui+Uj)-{r^-ri)ui). 

If A is not supported in the triply connected node, it was proved in [19, Theorem 2.2] that the 
number of equivalence classes of minimal affinizations of V^(A) grows as A "grows". Although we do 
not have a general conjecture in this case yet, the definition of Mjt(A) makes sense in this case as well 
and its character is computed in the same way as in the previous case. Moreover, the same proof we 
applied to the previous case in type D4 also proves that, if A satisfies the conditions (a)ij or (b)ij of 
[19, Theorem 2.2], then L{\) is isomorphic to Mfc(A) for the appropriate value of k and its character is 
given by equation (2) above. In particular, this proves the conjecture of [19] saying that the modules 
Vq{X) with A satisfying conditions (a)jj- of [19, Theorem 2.2] are equivalent to those with A satisfying 
conditions (b)jj of that same theorem. 

The techniques employed to prove Propositions 3.18 and 3.19 (and their analogues in the case of 
multiple equivalence classes of minimal affinizations) make use of the results of [6] in an essential way. 
Moreover, for the proof of Proposition 3.19 we also use some partial information on ^-characters by 
combining the Prenkel-Mukhin algorithm with results proved in [9, 22, 24]. The paper is organized as 
follows. In Sections 1 and 2 we review some structural results of the algebras g, g, and their quantum 
counterparts as well as some basic results of the finite-dimensional representation theory of these 
algebras. In Section 3, after reviewing the partial classification of minimal affinizations, we define 
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the modules M(A),r(A), and L{X), and state our main results and conjectures regarding them. The 
proofs are given in Sections 4 and 5. The case of multiple equivalence classes of minimal afHnizations 
is treated in Subsections 5.4 and 5.5. 

Acknowledgements: This work was partially supported by CNPq and FAPESP. The author thanks 
D. Jakelic for helpful discussions. 

1. Quantum and classical loop algebras 

Throughout the paper, let C, R, Z, Z>m denote the sets of complex numbers, reals, integers, and 
integers bigger or equal m, respectively. Given a ring A, the underlying multiplicative group of units 
is denoted by A^. The dual of a vector space V is denoted by V*. The symbol = means "isomorphic 
to". 

1.1. Classical algebras. Let I = {1, . . . ,n} be the set of vertices of a finite-type connected Dynkin 
diagram labeled as in [25] and let g be the associated simple Lie algebra over C with a fixed Cartan 
subalgebra [). Fix a set of positive roots and let 

= 9±a where Q±a = {x e & : [h,x] = ±a{h)x, ^ h e i)}. 

The simple roots will be denoted by a^, the fundamental weights by tOi, while Q, P, ,P~^ will denote 
the root and weight lattices with corresponding positive cones, respectively. Let also hi G i), he the 
co-root associated to ai,i e I. We equip t)* with the partial order A</iiff/x — AG Q^. We denote 
by W the Weyl group of Q and let wq be the longest element of W. Given A G P set 

(1.1) A* = -k;oA. 

Recall that, if A G P'^, then A* G P'^ as well. Let C = {cij)i,jei be the Cartan matrix of g, i.e., 
Cij = aj{hi), and let D = diag(di : i E I) he such that the numbers di are coprime positive integers 

satisfying DC is symmetric. 

The subalgcbras Q±a,ce G arc onc-dimensional and [fliaiflit/?] = Q±a±/3 for every a, fJ £ 
We denote by any generator of Q±a- In particular, if a + /3 G i?"*", [a;^, x^] is a nonzero generator 
of 0±a±/3 and we simply write [a:;^,^;^] = x^+p- For each subset J of / let Qj be the Lie subalgebra 
of g generated by x^^., j G J, and define rij, f)j in the obvious way. Let also Qj he the subgroup of Q 
generated by aj,j G J, and i?j = n Qj. Given A G P, let Aj be the restriction of A to ()} and 
A'' G P be such that X'^{hj) = X{hj) if j G J and \'^{hj) = otherwise. By abuse of language, we 
will refer to any subset J of / as a subdiagram of the Dynkin diagram of g. The support of G P is 
defined to be the subdiagram supp(/x) C / given by supp(;u) = {z G / : fi{hi) ^ 0}. Let also supp(/x) 
be the minimal connected subdiagram of / containing supp(/x). 

If a is a Lie algebra over C, define its loop algebra to be a = o i^c t~^] with bracket given by 
[x ^f^^y® = {x,y\ i*""*"*. Clearly o 1 is a subalgebra of o isomorphic to a and, by abuse of 
notation, we will continue denoting its elements by x instead of x 1. We also consider the current 
algebra o[t] which is the subalgebra of a given by a[t] = a C[t]. Then g = fi~ © [) © n"*" and \) is an 
abelian subalgebra and similarly for g[i]. The elements (gi f' and hi ^ will be denoted by x^^^ 
and hcn^r, respectively. Diagram subalgebras gj are defined in the obvious way. 

Let U (a) denote the universal enveloping algebra of a Lie algebra a. Then U(a) is a subalgebra of 
U{a) and multiplication establishes isomorphisms of vector spaces 

U{Q)^U{n-)^U{t))^U{n-^) and C/(g) ^ ^/(fi-) [/(^) ?7(ii+). 
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The assignments A : a ^ f/(a) U{a),x i-^.x(8)l + l^x, S : a ^ a,x i-^ —x, and e : a — * C, x i— 0, 
can be uniquely extended so that U{a) becomes a Hopf algebra with comultiplication A, antipode S, 
and counit e. 

Given a G C, let Ta be the Lie algebra automorphism of a[t] defined by Ta(x(8)/(f)) = x® f{t — a) for 
every x € o and every f{t) € C[t]. If a ^ 0, let ev^ : a ^ a be the evaluation map x (8) f{t) ^ f{a)x. 
Wc also denote by and cv^ the induced maps t/(a[t]) U{a[t]) and U{a) U{a), respectively. 

For each i € I and r € Z, define elements Aj^^ ^ ^(f)) by the following equality of formal power 
series in the variable u: 

oo / oo , \ 

(1.2) ^i^^rU' = - E ■ 

r=0 \ s=l * / 



1.2. Quantum algebras. Let C{q) be the ring of rational functions on an indeterminate q and 
A = C[q, q~^]- Given p = q'' for some k G Z\{0}, define 



m 



— p 



p-p 

for r,m e Z>o, m>r. Notice that 



= [m]p[m - l]p . . . [2]p[l]p, 



p [r]p![m-ry' 



Set = q'^\ The quantum loop algebra Uq{Q) of g is the algebra with generators xf^ {i £ I, r & Z), 
kf^ {i G I), hi^r (i ^ I, r E Z\{0}) and the following defining relations: 

lc h~^ — h^^h- — 1 h lc- — h h 



' ' 1^ / I ^y* 



i,r+s ^i,r+s 



,-1 



E E(-i)' 

o-e5m fc=o 



x± 



for all sequences of integers ri,. . . ,rm, where m = 1 — Cij, Sm is the symmetric group on m letters, 
and the are determined by equating powers of u in the formal power series 



= ^t±y = exp ±{qi - q-') £ K,^su' 



r=0 



Denote by Uq{xv^), Uqi^)) the subalgebras of Uq{Q) generated by {x^^}, {kf^ ,hi^s}, respectively. Let 
Uq{Q) be the subalgebra generated by xf := xfQ,kf^,i G /, and define Uq{ri^),Uq{1:)) in the obvious 
way. Uq{g) is a subalgebra of Uq{g) and multiplication establishes isomorphisms of C(g)-vectors spaces: 



Uq{e) = Uq{n-)(S)UqH))^Uq{n'' 



and Uq{Q)^Uq{n-)0Uq{i))^Uq{n'^ 
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Let J Q I and consider the subalgebra Uq{Qj) generated by k^^, hj^r,x^s j € J, r, s € r ^ 0. 

If J = {j}, the algebra Uq(Qj) := Uq{gj) is isomorphic to Uq.{sl2)- Similarly we define the subalgebra 
Uqidj), etc. 

For i & I,r & Z,k & Z>o, define (xf^)^^^ = ~[^pr- Define also elements Ai^r,i G /,r G Z by 



OO / OO 



(1.3) Ai^iru'' = exp ( - ^ ^ 

r=0 \ s=l 

Note that 

(1.4) ^t{u)=kr^^^'^^'''^ 



where the division is that of formal power series in u. Although we are denoting the elements A^^^ 
above by the same symbol as their classical counterparts, this will not create confusion as it will be 
clear from the context. 

Let Ua{9) be the A-subalgebra of Ug{Q) generated by the elements {xff.Y''\kf^ for i G /, r € Z, 
and k G Z>o. Define Ua{9) similarly and notice that Ua{q) = Ua{q) n Uq{Q) . For the proof of the 
next proposition see [5, Lemma 2.1] and the locally cited references. 

Proposition 1.1. We have Uq{g) = C(g) (g)A UA{g) and Uq{g) = C{q) ®a Ua{q). □ 
Regard C as an A-module by letting q act as 1 and set 



(1-5) C/q(0) =C(8)AC/A(g) and C/g(0) = C (8)a C/a(0). 



Denote by r] the image of 77 G Ua{q) in Uq{Q). The proof of the next proposition can be found in [14, 
Proposition 9.2.3] and [31]. 



Proposition 1.2. U{g) is isomorphic to the quotient of C/g(g) by the ideal generated by ki — 1. In 
particular, the category of [/q(0)-modules on which ki act as the identity operator for all ? G / is 
equivalent to the category of all g-modules. □ 

The algebra Uq{Q) is a Hopf algebra and induces a Hopf algebra structure (over A) on Ua{q) (see 
[14, 31]). Moreover, the induced Hopf algebra structure on U{q) coincides with the usual one. On 
Uq{Q) we have 

(1.6) A(x+) = x+ (g) 1 + fci A{x-) = x^r (g,kr^ + I0x~, A{ki) = ki®ki 

for all i I. 

Lemma 1.3. Suppose x = [x^, [x^, • • • [x^^ I'^i^] '■■]]• Then X G C/A(n~) and 

I 

A(x) G X (]^ k-^) + 1 (g) X + f{q)y 
for some y G Ua{q) <8) Ua{q) and some f{q) G A such that /(I) = 0. 



Proof. When I = 1 this is immediate from (1.6). A straightforward induction on / using the relations 
kixj = q- ^'^xjki completes the proof. □ 

An expression for the comultiplication A of Uq{Q) in terms of the generators x^^.,hi,r,k^^ is not 
known. The following partial information will suffice for our purposes. Let be the subspace of 
UA{rv^) spanned by {xf.,. : j e I,r eZ}. 



Lemma 1.4. A{x- = x- ^ ki + I x- ^ + x fov some x G Ua{s) ® such that x = 0. 

Proof. It was proved in [1, 2, 21] (see also Lemma 7.5 of [15]) that A(x^^) = x~-^^ki + l(^x^^+x where 

x G UAi9)X~ (g) Ua{9)X~^. Since the image A{x~^) of A(a:;j"^) in ?7(0) U{g) is x^;^,^^ (g) 1 + 1 x~.^^, 
it follows that the image of x in [/ (g) (g) i7 (g) must be zero. □ 

The following was also proved in [1, 2, 21]. Modulo Uq{Q)X~ g) [/^(g)X+, we have 

r 

(1.7) A(/ij,r) = ^i,s (8) 1 + 1 g) /ii,r and A(Ai,r) = ^ Aj^^.s Aj^^ for all r G Z>i. 

s=0 

We will need the following general result on the dual representation of a tensor product of repre- 
sentations of a Hopf algebra. The proof can be found in [29] for instance. 

Proposition 1.5. Let be a Hopf algebra and V and W be finite-dimensional iJ-modules. Then 
{V ®W)* ^W* 0V*. □ 

1.3. The weight lattice. Given a field ¥ consider the multiplicative group Vw of n-tuples of rational 
functions fj, = {/jii{u), • • • ,Hj^{u)) with values in F such that /^^(O) = 1 for all i G /. We shall often 
think of ^li{u) as a formal power series in u with coefficients in F. Given a G F^ and i G /, let uJi^a be 
defined by 

{ui^a)j{u) = 1 - 5ijau. 

Clearly, if F is algebraically closed, Vv is the free abelian group generated by these elements which 
are called fundamental ^-weights. It is also convenient to introduce elements u}\ a, X e P,a e C{q), 
defined by 

(1-8) a;^ = HKa)'^'^^- 

If F is algebraically closed, introduce the group homomorphism (weight map) wt : Vw — > P by setting 
wt(cjj^(i) = uji, where uji is the i-th fundamental weight of g. Otherwise, let K be an algebraically 
closed extension of F so that "Pf can be regarded as a subgroup of Vk and define the weight map on 
by restricting the one on T'k (this clearly does not depend on the choice of K) . Define the weight 
lattice of Uq{g) to be Vq := Vc{q)- The submonoid Vq of Vq consisting of n-tuples of polynomials is 
called the set of dominant ^-weights of C/g(g). 

Given A G with Aj(u) = Y\j{^ — cLiju), where atj belongs to some algebraic closure of C{q), let 
A~ G Vq be defined by X~{u) = Yiji^ ~ ^^^^ notation A^ = A. Two elements 

A, fj. of Vq are said to be relatively prime if Xi{u) is relatively prime to fij{u) in C{q)[u] for all i,j G I. 
Every v GVq can be uniquely written in the form 

(1.9) u = X/j,"^ with \,fj,GVq relatively prime. 

Given v = A/a~^ as above, define a C((/)-algebra homomorphism : f/g(f)) C{q) by setting 



(1.10) *^(fcf 1) = gf^('^)('^^\ ^*r.(A 



i,±r)U 



r>0 (^^)^(-) 

where the division is that of formal power series in u. The next proposition is easily checked. 
Proposition 1.6. The map ^ -.Vq ^ {Uq{t)))* given by i/ h- >■ is injective. □ 
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Define the ^-weight lattice P of g to be the subgroup of Vq generated by Wj^a for all i G / and all 
a G or, equivalently, V = Vc- Observe that every element A G "P can be uniquely decomposed as 

(1.11) A = JJ'*'Aj,aj for some Xj G P and aj G C. 

j 

Set also V+ = VnV+. 

From now on we will identify Vq with its image in (Uq{i)))* under Similarly, V will be identified 
with a subset of [/(())* via the homomorphism : U{^) —>■ C determined by 

(1.12) ^^{hi)=Wt{u){hi), J2^u{I^^>^rX = ^^M- 

It will be convenient to introduce the following notation. Given i e I,a e C{q)^,r G Z>o, define 

r-l 

(1.13) u;i,a,r = ll^i^^r-i-2j. 

j=0 

Define also the polynomial 

(1.14) fi,aA^) = ll{l-aqr'-'^u). 

j=0 

Observe that given f{u) G C(g)[it] having all its roots in C(g) and such that /(I) = 0, there exist 
unique m G Z>o, oi, . . . , G C{q)^ , and ri, . . . , G Z>i such that 



(1.15) fiu) = llfi,a,,r,iu) With qMri+r,-2p) for < p < min{n, r,}. 

k=l 



In particular, given A G such that Xi{u) splits in C(g)[n] for all i E I, there exist unique rrii G 
■2^>o,ai,fe € C(g)^, and ri^k € Z>i such that 

rrii 

-^ = 1111 '''i^Wi.k wit^ 

iel k=l 

(1.16) 

Oij _^ ^±K,+.,,-2p) ^ri,fe = wt(A)(/ti) for all i G /, < p < minK,-, r,,J. 

k=i 

If J C / and A G Vq, let Aj be the associated J-tuple of rational functions. Notice that, if 
Aj(tt) G C{qj){u) for all j G J, Aj can be regarded as an element of the ^-weight lattice of Uq{Qj). Let 
also A"^ G Vq be such that (A"^)j(u) = \j{u) for every j E J and (A'^)j('u) = 1 otherwise. 

Recall that wq defines a Dynkin diagram automorphism such that wq ■ i = j iS WQUi = —loj for 
i,j G /. Given A G Vq, let A* G Vq be the element defined by 

(1.17) (A*),(n) = A^o.,((?'-'^\) 

where /i^ is the dual Coxeter number of g and = maxjcjjCjj : i,j G /, i 7^ j} is the lacing number 
of g. Define also the element *A by requiring 

(1.18) (*A)± = (A*)^. 
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Given i G I and a G C{q)^ , define tfie simple ^-root ccj^a by 

(1-19) OCi,a = i^i,aqi,2)~^]J^j,aqi,-Cj,i- 

The subgroup of Vq generated by the simple £-roots is called the ^-root lattice of Uq{Q) and will 
be denoted by Qq. Let also be the submnoid generated by the simple £-roots. Quite clearly 
wt(Q:i,a) = ctj- Define a partial order on Vq by 

ti<X if A/x-i G Q+ 

2. Finite-dimensional representations 

2.1. Simple Lie algebras. Wc now review some basic facts about the representation theory of g and 
Uq{g). For the details sec [25] and [14] for instance. 

Given a g-module V and /x G t)*, let 

Vf, = {v eV : hv = fi{h)v for ah h G f)}. 

A nonzero vector G V"^ is called a weight vector of weight If is a weight vector such that n'^v = 0, 
then V is called a highest- weight vector. If V is generated by a highest-weight vector of weight A, then 
V is said to be a highest- weight module of highest weight A. 

The following theorem summarizes the basic facts about finite-dimensional g-modules. 
Theorem 2.1. Let F be a finite-dimensional g-module. Then: 

(a) V = and dim = dim for ah w eW. 

(b) V is completely reducible. 

(c) For each A G the U{g)-module V{X) generated by a vector v satisfying 

xXv = 0, hiV = Xihi)v, (x-J^^'^^^+^v = 0, ViG/, 

is irreducible and finite-dimensional. If V is irreducible, then V is isomorphic to V{X) for some 
A G P+. 

(d) If A G P+ and V ^ V{X), then V,^ iS w/j, < X for all k; G W. Furthermore, the lowest 
weight of V{X) is -A*. In particular, V{X)* ^ V{X*). □ 

We will need the following lemma. 

Lemma 2.2. Let y be a finite-dimensional g-module and suppose / G Z>i,ffc G P,Vk G V^f,, for 

k = I, . . . ,1, are such that V = ^^=1 U {n^)vk- Fix a decomposition V = ® Vj where m G Z>i, Vj = 

j = 1 

V(iJ,j) for some iij G P~^, and let iTj : V ^ Vj be the associated projection for j = 1, . . . ,m. Then, 
there exist distinct /^i, . . . , fc^ G {1, . . . , /} such that = l^j and 7rj{vkj) / 0. 

Proof. Proceed by induction on m. If m = 1 the lemma is immediate. Otherwise, suppose, without 
loss of generality, that is a maximal weight of V. In that case, there must exist km such that 
^fcm = A^m and generates an irreducible submodule of V isomorphic to V{iJ,m)- In particular, 
there exists j such that fij = and TTj{vk^) ^ 0. Up to re-ordering, we can assume j = m. The 
lemma now easily follows from the induction hypothesis applied to V := V/U{g)vk^ and the induced 

decomposition V = "^0 Vj where Vj is the image oiVjinV. □ 
i = 1 
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Let Z[-P] be the integral group ring over P and denote by e : P ^ Z[P], A i— > e^, the inclusion of P 
in Z[P] so that e^e'^ = e^"*"^. Given a finite-dimensional g-module V, the character of V is defined to 
be 

(2.1) char(F) = ^ dim(V;,)e^. 

Given a Uq{Q)-m.odule V and fi E P, let 

V^ = {veV ■.kiV = qf^^'K for all i G /}. 

A nonzero vector u G is called a weight vector of weight (j,. If v is a weight vector such that x'lv = 

for all i I, then v is called a highest- weight vector. If V is generated by a highest- weight vector of 

weight A, then V is said to be a highest-weight module of highest weight A. A [/q(fl)-module V is said 

to be a weight module if V = ® V^. Denote by Cq be the category of all finite-dimensional weight 

fj.€ P 

modules of Uq{Q). 

Remark. A [/^(gj-module V satisfying V = © is usually called a weight-module of type 1. We 
shall not discuss what type 1 means here. For further details see [14] for instance. 

The character of an object V e Cq is defined by (2.1). The following theorem is the quantum 
analogue of Theorem 2.1. 

Theorem 2.3. Let V e Cq. Then: 

(a) dim = dim Vw^ for all w G W. 

(b) V is completely reducible. 

(c) For each A G P^ the C/(£|)-module V^(A) generated by a vector v satisfying 

x+v = 0, kiv = qf^^^^'^v, (x-)^(^')+^t; = 0, V i G /, 

is irreducible and finite-dimensional. If V is irreducible, then V is isomorphic to Vq{X) for some 
A G P+. 

(d) If A G P+ and V ^ ^^(A), then char(y) = char(F(A)). In particular, Vq{X)* ^ ^^(A*). □ 

If J C / we shall denote by Vq{Xj) the ?7q(0j)-irreducible module of highest weight Aj. Similarly 
V{Xj) denotes the corresponding irreducible gj-module 

2.2. Loop algebras. Let F be a J7q(g)-module. We say that a nonzero vector u G F is an £- weight 
vector if there exists A G "Pg and k G Z>o such that {rj — ^^{r]))'^v = for all r) G Uq{i)). In that case, 
A is said to be the ^-weight of v. V is said to be an ^-weight module if every vector of y is a linear 
combination of i'-wcight vectors. In that case, let denote the subspace spanned by all ^-weight 
vectors of ^-weight A. An ^-weight vector v is said to be a highest-£-weight vector if riv = ^^(r])v for 
every ry G Uq{t)) and x'l^v = for alH G / and all r G Z. V is said to be a highest-£-weight module if 
it is generated by a highest-^- weight vector. The notion of lowest-^- weight module is defined similarly. 
Denote by Cq the category of all finite-dimensional ^-weight modules of Uq{g). Quite clearly Cq is sua. 
abelian category. 

Observe that ii V & Cq, then V & Cq and 

(2.2) Vx= e V^. 

A : wt(A) = A 

Moreover, if F is a highest-^-weight module of highest ^-weight A, then 

(2.3) dim(y^(;^)) = 1 and 7^ ^ /x < wt(A). 
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Define the concepts of ^-weight vector, etc., for g in a similar way and denote by C the category of 
all finite-dimensional g-modules. The next proposition is easily established using (2.3). 

Proposition 2.4. If F is a highest-£-weight module, then it has a unique proper submodule and, 
hence, a unique irreducible quotient. □ 

Definition 2.5. Let A G P+ and A = wt(A). The Weyl module Wq{\) of highest ^-weight A 
is the C/q(g)-module defined by the quotient of Uq{Q) by the left ideal generated by the elements 
^tr-i (^^i'r)^'''*'^"'"'^' '7~*a(^) every i E I,r E Z, and 77 G Uq{t)). Denote by Vq{X) the irreducible 
quotient of Wq{X). The Wcyl module W{X),X G V~^, of g is defined in a similar way. Its irreducible 
quotient will be denoted by V{X). 

The next theorem was proved in [20, Lemmas 4.6 and 4.7] for simply laced g and in [5, Proposition 
2.2] for with lacing number = 2. For the sake of completeness, a proof for g of type G2 will 
appear in [27]. 

Theorem 2.6. For every A G Vg (resp. V^) the module Wq{X) (resp. W{X)) is the universal finite- 
dimensional Uq{Q)-module (resp. g-module) with highest ^-weight A. Every simple object of Cq (resp. 
C) is highest-^- weight. □ 

Remark. It is not true that the module Vq{X) belongs to Cq for every A G V^. This is so because 
C(g) is not algebraically closed. In fact, one can prove, Tising some results of subsection 4.3 below, 
that Vg{X) is in Cq iff Aj(u) splits in C(g)[u] for every i E I. Otherwise, Vq{X) is quasi-^-weight in a 
sense analogous to that defined in [26] in the context of hyper loop algebras. 



We shall need the following lemma which is a consequence of the proof of Theorem 2.6. 
Lemma 2.7. If y is a highest-£-weight module of g and u be a highest-£-weight vector. Then V 

u{e[t])v. 



If J C / we shall denote by Vq{Xj) the ?7q(gj)-irreducible module of highest i?-wcight Aj. Similarly 
V(Xj) denotes the corresponding irreducible gj-module. Similar notations for the Weyl modules are 
defined in the obvious way. 

We shall need the following result about dual representations proved in [22] . 

Proposition 2.8. For every A G Vg, Vq{X) is a lowest-£-weight module with lowest ^-weight (A*)~^. 
In particular, (A)* = ^^(A*). □ 



2.3. Evaluation modules and Cartan involution. Given a g-module V, let V{a) be the g-module 
obtained by pulling-back the evaluation map cVq. Such modules are called evaluation modules. If 
V = V{X) we use the notation V{X, a) for the corresponding evaluation module. The next theorem 
was proved in [3, 13, 20]. 

Theorem 2.9. Let A G P+. 

(a) If A = uj\^a for some A G and some a G C^, then V{X) = V{X, a). 

(b) If A = l{j^Xj,aj as in (1.11), then V{X) ^ ®F(Aj, a^) and W{X) ^ ®W{iVxj,aj)- □ 

j 3 



Corollary 2.10. Every object in C is an ^-weight module. 



□ 
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Assume g is of type A and consider the C(g)-algebra Ug{Q) given by generators xf,k^^ with i G 
I,^ e P, and the following defining relations: 

k.xfk-' = q^(^^)xf, [xf, XT] = 6.. " 



5^ =0, if i ^ J, 

fc=0 

There is an obvious monomorphism of algebras Uq{Q) Ug{g) such that ki ^ kai- A J7g(g)-module 
is said to be a weight module if the generators A;^, u e P, act diagonally with eigenvalues of the form 
q^'^'^^^ for some fi ^ P where (•, •) is the bilinear form such that {ai,aj) = Cij. It is not difficult to 
to see that restriction establishes an equivalence of categories from that J7^(g)-weight modules to Cq. 
Prom now on we shall identify these two categories using this equivalence. The next proposition was 
proved in [28, §2] and [16, Proposition 3.4]. 

Proposition 2.11. Let g be of type A. Then, there exists an algebra homomorphism qev : C/g(g) 
C/q(g) satisfying: if A G P~^ and V is the pull-back of Vq{X) by qev, then there exists Z(A) G Z such 
that V is isomorphic to Vq{X) where 

A = n'*'^,a.,A(M With ai = 9'W and ^ = ^A(M+A(/^,+i)+i for i < n. □ 
i&i 

Given a G C{q)^ , there exists a unique C(g)-algebra automorphism Qa of Uq{Q) such that Qa is the 
identity on Uq{Q) and Qa{xf^r) = '^^^tr- 

(2.4) qev„ = qev o g^. 

Denote by ^^(A, a) the pull-back of V^(A) by the evaluation map qev^. It is easy to see that Vq{X, a) = 
Vq(X) where 

A = n'^i,a.,A(/.,) With ai = ag^W and ^ = qHh.)+Xih.^i)+i fo^ ^ < 

It turns out that, for g not of type A, there is no analogue of the map qev. In fact, it is known (see 
[5] for instance) that there exists i E I and m G Z>o such that the action of C/g(g) on Vq{mLOi) cannot 
be extended to one of ^^^(g). 

One easily checks that there exists a unique algebra involution a of Uq{Q) such that d-{xfj.) = 
xf_.^., d(ki) = k~^ , and a{hi^s) = —hi-s for all i I,r,s G s ^ 0. The involution a is called Cartan 
involution and it is also a coalgebra anti- involution. The restriction of a to Uq{Q) defines an involution 
a of C/g(g) also called Cartan involution. Given a [/q(g)-module V, let be the puUback of V by 
a. Similarly, V"' will denote the puUback of a i75(g)-module V by a. It is not difficult to see that a 
highest-£-weight vector of Vq{X) is a lowest-^-weight vector of V^(A)'^. Moreover, it follows from (1.3) 
that 

(2.5) a{Af{u)) = (Afiu))-' 
where 

oo 

(2.6) Af{u) = J2H±ry'' 

and the inverse is that of formal power series in u. It is now not difficult to complete the proof of the 
next proposition. 
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Proposition 2.12. Let A G P+ and A e V+. Then, Vg{Xf ^ Vg{X*) and Vg{Xf ^ Vq{*X). □ 
The analogous result in the classical case is established similarly. 

We end this subsection by remarking the following. Let g be of type A, suppose A G is such 
that Vq{X) ^ Vq{\,a) for some a G C(g)^, and set 6„ = (a^'W+"+i)-i. Then, 

(2.7) *A = n'^,.,,v(M with ^=,-(A*(M+A*(.._0+i) for i>l. 
2.4. Classical limits. 

Definition 2.13. Denote by the subset ofVq consisting of n-tuples of polynomials with coefficients 
in A. Let also "Pj"*" be the subset of consisting of n-tuples of polynomials whose leading terms are 
in Cg^\{0} = A^. Given A G V^, let A be the element of obtained from A by evaluating q at 1. 

Recall that an A-lattice (or form) of a C (9) -vector space F is a free A-submodule LofV such that 

C(g) L = V. If y is a [7q(0)-modulc, a [/A(0)-admissible lattice of V is an A-latticc of V which is 
also a L'A(0)-submodule of V. Given a L'A(0)-admissible lattice of a ?7g(0)-module V, define 

(2.8) L = C(S)aL, 

where C is regarded as an A-module by letting q act as 1. Then L is a 0-module by Proposition 1.2 
and dim(L) = dim(y). The next theorem is essentially a corollary of the proof of Theorem 2.6. 

Theorem 2.14. Let y be a nontrivial quotient of Wq{X) for some A € "P^^, v a highest-^- weight 
vector of V, and L = Ua{q)v. Then, L is a J7A(0)-admissible lattice of V and char(Z) = char(y). In 
particular, L is a quotient of W{\). □ 

Definition 2.15. Let A G "P^"^, f be a highest-^-weight vector of V^(A) and L = Ua{5)v. We denote 
by V^(A) the 0-module L. 

We shall also use the following straightforward lemma 

Lemma 2.16. Let V,V' be C/q(0)-modules and L,L' be t/A(0)-submodules. Suppose ^ : F — >■ F' is a 
?75(0)-module map such that 0(L) C L'. Then := 1 (g) ^ : L — >^ Z' is a 0-module map. □ 

3. Minimal affinizations 

3.1. Classification. We now review the notion of minimal affinizations of an irreducible C/g(0)-module 
introduced in [4]. 

Given A G P^, an object V &Cq is said to be an affinization of Vq{X) if, as a L'g(0)-module, 

(3.1) V ^ Vq{X) © F,(/x)®"^''(^) 

)J. < \ 

for some m^(y) G Z>o. Two affinizations of Vq{X) are said to be equivalent if they are isomorphic 
as t/q(0)-modules. If A G is such that wt(A) = A, then ^^(A) is quite clearly an affinization of 
V^(A). The partial order on induces a natural partial order on the set of (equivalence classes 
of) affinizations of V^(A). Namely, if V and W are affinizations of V^(A), say that V < W ii cither 
n^niV) < iTT'ixiW) for all /x G P"*" or if for all /x G P"*" such that mi^{V) > mi^{W) there exists v > fi such 
that rriuiy) < mi,{W). A minimal element of this partial order is said to be a minimal affinization. 

Suppose is not of types D or E. Given A G set 

(3.2) A° = A* if = s[n+i and A° = *A otherwise. 
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Recall that, in these cases, A* = A for all A € P'^ except if g is of type A. 

The following is the main result of [4, 17, 18] and it gives a partial classification of the highest 
^-weights of the minimal affinizations. In fact it gives the complete classification when g is not of 
types D or E. 

Theorem 3.1. Let A G 'P^, A = wt(A), and V = V^(A). Suppose g is not of types D or E. Then V is 
a minimal affinization of V^(A) iff V* and V"' arc minimal affinizations of V^(A*). In that case, there 
exist a G C(g)^ and ji G {A, A*} such that either A or A° is equal to 

n ^i,a„^^{h,) with ai = a and ^ = qdi,{K)+d,^Mhi+.)+r- 
1=1 

for alH G /, i < n, where = di — 1 — Cj^j+i. Equivalently, F is a minimal affinization of Vq{X) iff 
there exist a G C(g)^ and e G {1, — 1} such that 

n 

A = n ^^,auX^h,) With ai = a and ^ = g^(<^.A(/».)+d.+,A(/..+0+^>^) 

for alH G /, i < n. If g is of type D or suppose the support of A is contained in a connected 
subdiagram J Q I of type A. Then, F is a minimal affinization of Vq{X) iff ^^(Aj) is a minimal 
affinization of V^(Aj). □ 

The next corollary is immediate (recall from §1.1 that supp(A) is the minimal connected subdiagram 
of / containing supp(A)). 

Corollary 3.2. Suppose A G is such that supp(A) does not contain a subdiagram of type D4. 

Then, V^(A) has a unique equivalence class of minimal affinizations. □ 

Remark. We warn the reader that the conditions we give in Theorem 3.1 do not match the ones 
given in [4, 17, 18]. This is due to different normalizations in some definitions. Our notation follows 
more closely that of [24] which is more uniform. We also notice that r^^ = dj+i — Cj+i^j and, moreover, 

G {r^ — 1, ^'^l for alH G /, i < n. It is easy to check that = for alH < n if g is of types A, 
or G. If g is of type C, then r^^ = — 1 iff i < n — 1. Finally, if g is of type F, then = iff ctj is 
a long root. 

Corollary 3.3. For every a G C(g)^,z G / and m G Z>o, the module Vq{u:i^a,m) is a minimal 
affinization of Vq{mui). □ 

The modules Vq{u:i^a,m) are known as Kirillov-Reshetikhin modules. 

In the cases not covered by Theorem 3.1, i.e., when supp(A) contains a subdiagram of type D^, 
then Vq{X) may have more then one equivalence class of minimal affinizations (see [17, 19]). We shall 
briefly discuss these cases in sections 5.4 and 5.5. 

We now state a few results which were used in the proof of Theorem 3.1 and will be useful for us 
as well. The proofs can be found in [17]. 

Lemma 3.4. Suppose 7^ J C / is a connected subdiagram of the Dynkin diagram of g. Let 
V = Vq{X), V a highest-£-weight vector of V, and Vj = Uq{Qj)v. Then, Vj ^ ^^(A j). □ 

Definition 3.5. Suppose g is not of type D or E. A connected subdiagram J C / is said to be 
admissible if J is of type A. If g is of type D or E, let io I he the unique element connected to three 
other nodes. A connected subdiagram J C / is said to be admissible if J is of type A and J\{io} is 
connected. 

Proposition 3.6. Suppose J C / is admissible and that A G Vq is such that Vq{X) is a minimal 
affinization of V^(A) where A = wt(A). Then Vq{\j) is a minimal affinization of Vq{Xj). □ 
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Proposition 3.7. Let A G and A = wt(A). If V^(A) is a minimal affinization of V^(A), then there 
exist ai G C{q)^,i € I, such that A = HiG/ <^i,ai,A(/ii) and ^ & for ah i,j G /. 

Proof. The existence of G C(g)^,i G I, such that A = Hie/ '^j,ai,A(fe,) follows from Proposition 3.6 
together with the classification of minimal affinizations for s[2- The condition — G for all i,j G /, 

aj 

can be proved using the results of [6] (cf. subsection 4.1 below). Alternatively, the proposition is 
immediate from Theorems 3.1 and 5.8 in the cases covered by them. □ 

Corollary 3.8. For every A G there exist A G such that V^(A) is a minimal affinization of 

Vg{X). □ 

3.2. Restricted limits. In this subsection we define "restricted limits" of minimal affinizations. We 
begin with the following definition. 

Definition 3.9. Let F be a Z>o-graded vector space and denote its s-th graded piece by V[s]. A 
g[t]-module V is said to be Z>o-graded if V is a Z>o-gradcd vector space and x t^v G V[r + s] for 
every v G y[s], x G Q,r,s G Z>o. A Z>o-graded g[t]-module V satisfying V[r] =0 for r ^ is said to 
be a restricted 0[t]-module. If F is a Z>o-graded 0[t]-module, denote by V{s) the quotient of V by its 

0[t]-submodule ® ^[^]- 

k> s 

The next lemma follows immediately from Proposition 3.7. 

Lemma 3.10. Suppose A G V^'^ is such that ^^(A) is a minimal affinization. Then A = u^x^a for 
some a G , where A = wt(A). □ 

Proposition 3.11. Suppose A G "Pj^ is such that Vq{X) is a minimal affinization and that J C / is 
an admissible subdiagram. Let u be a highest-^-weight vector oi V = V^(A),A = wt(A), and a G 
be such that A = oox^a- Then x~^^v = a''x~v for every a G Rj. 

Proof. Let J be admissible, a G and Vj = Uq{gj)v' where v' G V^(A) is such that v' = v. 
Then Vj is a minimal affinization by Proposition 3.6 and, since J is of type A, Vj is irreducible as 
a i7g(5j)-module by Theorem 3.1. Hence, the flj-submodule of V generated by v is isomorphic to 
V{\j,a). □ 

Recall the definition of the maps : Q[t\ from subsection 1.1. 

Definition 3.12. Let A G A = wt(A), and a G be such that A = ujx,a- The 0[t]-module L(A) 
is defined to be the pullback of Vq{X) by Ta- Define also the module ^(A) to be the g[t]-module given 
by the quotient of C/(0[t]) by the left ideal generated by 

n+[t], ()®tC[t], hi-X{hi), 

for alH G 7 and all a G Rj for some admissible subdiagram J C I. Denote by v\ the image of 1 in 
^(A) so that A{X) = U{n [t])vx. 

It immediately follows from Theorem 2.9, Proposition 3.11, and Lemma 2.7 that L(X) is a quotient 
of A{X). It is also clear that A{X) is a Z>o-graded g[t]-module. We call the module L{X) the restricted 
limit of V^(A). It is immediate from Theorem 2.14 that 

(3.3) char(L(A)) = char{Vq{X)). 

In the special case that A = mcui for some m G Z>o and some i £ I, the modules L{ui^a,m) are called 
the restricted Kirillov-Reshetikhin modules of highest- weight mtOi. For g of classical type they were 
studied in [11] and for g of type G2 they were studied in [12]. 
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Proposition 3.13. For every A G the module ^(A) is finite-dimensional. In particular, ^(A) is 
restricted. 

Proof. Since ^(A) = U{\\.~\t\)v\. It immediately follows that (y4(A)[r])^ is finitc-dimcnsional for every 
r G Z>o and every ji ^ P. The relations {x~.)^^^*^'^^v\ = for all i € / implies, as usual, that the 
elements act locally nilpotently on A{X) and, hence, dim(yl(A)^) = dim(yl(A)^ju) for every ji ^ P 
and w € W. This in turn implies that ^(A)^ 7^ iff wq\ < h < X. Hence, ^(A) has only finitely- 
many non-trivial weight spaces. Using the defining relations of ^(A) together with basic commutation 
relations in Q[t], it is trivial to see that x~j.vx = for all a G provided r 3> 0. This together 
with the PBW theorem then implies that (y4(A)[s])ju = for every jj. e P provided s 3> 0. In fact, let 
r G Z>o be such that x~ gVx = for all a € and all s > r. Fix a total order on i?"*" x Z>o such 
that (a,/c) < (/?,/) whenever k < r and I > r. The PBW monomials for f7(n~[i]) are then formed 
such that occur to the right of a;"^, whenever {a,k) < {(3,1). Hence, in order to get to the s-th 

graded piece of A{X) with s ^ r, one would have to apply elements of the form x~j^ with k < r to vx 
"too many times". This implies that the maximal possible weight of ^(A)[s] would fall out of the set 
of weights lying in between woX and A. □ 

3.3. Relations for L{X). We now state our main results and conjectures. 

Definition 3.14. Let m G Z>o and i E I. The g[t]-module M{muji) is the quotient of C/(fl[t]) by the 

left ideal generated by 

(3.4) n+M, \)®tC[t], hj, hi-m, x", (x'r+S x'^^ for ah i. 

Quite clearly M{rnuji) is a Z>o-graded fl[t]-module and A{rnuji) is a quotient of M(mui). The next 
proposition follows from the results of [5, 11, 12]. 

Proposition 3.15. Suppose q is not of type E or F. Let i E I,m E Z>o, and a G C^. Then: 

(a) There exists bi G {1,2,3} such that, if m = niibi + mo with < rriQ < hi and T{rnuJi) 
is the 0[t]-submodule of M(6ju;j)®™i ® M{mou>i) generated by the top weight space, then 
M{moJi) = T{muJi). 

(b) M{mwi) ^ A(muji) ^ L{ui,a,m)- □ 

Our goal is to establish a generalization of the above proposition for minimal affinizations other 
than Kirillov-Reshetikhin modules. In order to do that, let us introduce the following notation. Given 
i E I,m,r E Z>o, let Vi^m be the image of 1 in M{mLOi) and set 

(3.5) R'^{i, m, r) = {a G i?+ : x~.^Vi^rn = 0}. 
Since (^ (g) tC[t])vi^rn = 0, it follows that 

(3.6) R^{i,m,r) Q R^{i,m,s) for all s > r. 

The sets {i,m,r) for q not of types E and F were explicitly described in [5, 11, 12]. We will 
eventually write them down precisely. For the moment, let us just observe that i?^(i,m,r) = if 
r » since ^(mwj) is restricted. In fact, if Q is of classical type, then R{i, m, 2) = for every z G / 
and m G Z>o. Observe also that i?"'"(i, 0,0) = R'^ for alH G / since L{0) is the trivial representation. 
Now, given A G P~^ and r G Z>o, set 

(3.7) R+iX,r) = f]R+ii,Xihi),r). 

iei 

Since R^{j, 0, s) = R'^ for all j G / and s G Z>o, it follows that R'^{mLOi, r) = R^{i, m, r) for alH G / 
and m,r E Z>o and that 

(3.8) R+{X,r) = R+ if r » 0. 
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Definition 3.16. Given A € P"*", let M(A) be the g[i]-module given by ttie quotient of by the 

left ideal generated by 

(3.9) n+[t], l)^tC[t], h,-\{hi), x-^, 

for all z G /, r G Z>o, and a G i?"'"(A,r). Let r(A) be the g[t]-submodule of (g) M{\{hi)uji) generated 

i € I 

by the top weight space. 

Definitions 3.14 and 3.16 of M{muJi) coincide since R~^{muJi,r) = R~^(i,m,r) for all i G I,m,,r G 
Z>o. The modules M(A) are clearly Z>o-graded. It follows from Proposition 3.11 that M(A) is a 
quotient of ^(A) and, hence, a restricted 0[i]-module. Moreover, r(A) is clearly a restricted quotient 
of M(A) by Proposition 3.15. 

The following is what we expect to be the generalization of Proposition 3.15 when q and A are as 
in Theorem 3.1. 

Conjecture 3.17. Let A G be such that supp(A) does not contain a subdiagram of type and 
suppose A G 7^4^ is such that V^(A) is a minimal affinization of Vq{X). Then, r(A) = M(A) = L{\). 

Proposition 3.15 says the conjecture holds when A is a multiple of a fundamental weight and 3 is 
not of type E or F. It is quite simple to see that the conjecture also holds when g is of type A for 
general A G . We now state our main partial results in the direction of proving Conjecture 3.17. 

Proposition 3.18. Let A G be such that ^^(A) is a minimal affinization of V^(A) where A = 
wt(A). Then, T(A) is a quotient of L(X). 

Proposition 3.19. Let A G P^ be such that supp(A) does not contain a subdiagram of type D4 and 
suppose g is orthogonal. Then, L{\) is a quotient of M(A). 

Corollary 3.20. In the conditions of Proposition 3.19, the first isomorphism of Conjecture 3.17 
implies the second. □ 

Proposition 3.21. Conjecture 3.17 holds in the following cases: 

(a) g is of type B and supp(A) C {1, 2, 3, n} with \{hn) < 1 if n > 3. 

(b) g is of type D and supp(A) C ({1, 2, 3} fl J) U {m} with m G {n — 1, n). Here J = I\{n — 1, n). 

(c) g is of type D and supp(A) C {n — 2, n — 1, n}. 

In the process of proving Proposition 3.21 we obtain character formulas for M(A). The proofs of 
Propositions 3.18 and 3.19 are given in subsections 4.1 and 4.4, respectively. Proposition 3.21 is proved 
in subsections 5.2 and 5.3. 

Remark. If g is of classical type, then /2+(A,2) = for every A G P^ since R{i,m,2) = for 
every i I,m Z>o, as mentioned previously. This implies that the modules M(A) can be regarded as 
modules for the truncated algebra g[t]/(g (8) t'^C[t]) in this case. This was the motivation for the paper 
[7] where the authors initiated the study of the relations between the finite-dimensional representation 
theory of C/q(g) and Koszul algebras. We shall leave the discussion of how our methods are related to 
those of [7] to a forthcoming publication. 

4. Tensor products 

4.1. Tensor products of Kirillov-Reshetikhin modules. The goal of this subsection is to prove 
Proposition 3.18. We begin with the following fact which is easily established from (1.7). 

Proposition 4.1. Let A, /it G V^. Then, the J7g(g)-submodule of Vq{X) (8> V^(/Lt) generated by the top 
weight space is a quotient of Wq{Xfj.). □ 
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The following proposition follows from the results of [6]. 

Proposition 4.2. Let / G Z>i,ij G /, mj € Z>i,aj € C(g)^ for j = 1, . . . , L If J ^ q^>° for j > k, 
then Vq{uJij^,ai,mi) ^ • • • Vq{<^ii,ai,mi) IS a highest-^- Weight module. □ 

Corollary 4.3. Let A G P~^,ai G C(g)^,i G /, and A = riiG/ ^i,ai,A(/ii)- Then, there exists an 
ordering ii,. . . ,in of / such that Vq{X) is isomorphic to the J7g(0)-submodule of V^(u;jj ^.^ ;s^(/j.j) 
• • • <8) ^9('*'i„,ai„,A{/i,„)) generated by the top weight space. 

Proof. Let u G Vg be such that a;* = A and write a^.j(n) = ij^ifi^^\*(hi) foi' some 6j G P^. Let also 
i' = wq ■ i for all i & I. It follows from Proposition 4.2 that there exists an ordering ii,. . . ,in of I 
such that V := Vq{u>i, h., x*(h., )) ® ■ ■ ■ ® b., x*(h., )) is highest-^- weight. Let W be the proper 

maximal submodule of V. Thus, we have a short exact sequence 

Q^W ^ Vq{uj) 0. 
Then, by Propositions 2.8 and 1.5, we also have the following short exact sequence 
^ Vq{X) ^ F,(u;,,,„,^,A(.,j) n('^i.,a.„,A(^,j) ^W*^Q, 

since V* ^ T^g(aJii,„.^,A(fe,j) V^g(Wi„,a,„,A(/»,j) and ^^(u;)* ^ ^^(A). The corollary now follows 

immediately. □ 

We now proceed with the proof of Proposition 3.18 as follows. Given i € I, let G be such 
that A = Yiiei ^i,a,i,\{hi) and let Vi be a highest-^-weight vector of V{i*^i^ai,X{hi))- Let also ii, . . . ,in be 
an ordering of I as in Corollary 4.3 and v = (gi ■ ■ ■ ^Vi„ G Vq{u>i^^a,^^x{hi^)) ■ ■ • ® V'y(cJi„^a^^,A(/^i„))• 
Considcr Li = UAiQ)vi, L = Upi^{q)v, and L' = Li^ ® ■ ■ ■ ® Li^. Let a G be such that A = uJ\^a and 
observe that L(A) = r*(L) and M{\{hi)uJi) = T*{Li), where t*K denotes the pullback of a g[i]-module 
K by Ta- Moreover, it is easy to see that L C L' and that L' = Lj^ (g) • • • (g) Lj^. 

Let : L — > L' be the map given by Lemma 2.16 with (f) being the inclusion 

after identifying ^^(A) with Uq{Q)v. It follows that T*{(p) : L{X) M {X{hi^)u;i^) ig ■ ■ ■ ® M {X{hiJiOiJ 
is a 0[t]-module map whose image is r(A). □ 

4.2. A smaller set of relations for M(A). In this subsection we assume Q is orthogonal. Let 

= {a G : a = njaj with < 1 for all i G /}. 

The goal of this subsection is to prove the following proposition. 

Proposition 4.4. For every A G P~^, the module iVf(A) is isomorphic to the ^[tj-module N{X) gener- 
ated by a vector v satisfying 

hiv = \{hi)v and n^[t]v = f)(g)iC[i]u = {x~.)^^^'^"^'^v = x~^^v = 

for all a G Rf. 

Since every admissible J C / is of type A, it follows that A'^(A) is a quotient of A{X) and, hence, a 
finite-dimensional restricted fl[t]-module. Moreover, it is easy to see that M(A) is a quotient of N{X). 
For the converse, set 

j 

k=i 
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for all i,j ^ I,i < j, if is of type B and for all i < j < n, if g is of type D. If g is of type D, set 
also ai^n = cii,n-2 + On for i<n — loTi = n and i^i = a^^n-i + On for i < n, — 2. Furthermore, given 
i < j < n {j < n — 2 if Q is oi type D) set 

= OL%,n + aj+i,n if is of type 

= ai,n-i + ai+i,n if is of type D„. 

Then R\ = {aij : i,j e /} (-RJ^ = {a^j : i,j G /} U {i^i : i < - 2} if is of type D) and 
i?+ = i?+U{0i,/:i,j €/}. 

Denote by the image of 1 in M {muji) ,i €E I,Tn G Z>o- Since ?7i, 0) — i?"'" if tti — 0, we 

shall assume assume m > 0. Moreover, since we already know that Proposition 4.4 holds when A 
is a multiple of a fundamental weight, we assume from now on that A G is not a multiple of a 
fundamental weight. From here we split the proof that A''(A) is a quotient of M(A) in separate cases 
according to the type of 0. 

4.2.1. J^jpe B. It follows from the results of [5, 11] that 

i?+(i,m,0) = {aj^k --i < j OT k <i}U {Oj^k '■ i < j}, R'^{n, 1, 1) = R^{i,m,2) = 

for all i G /, m > and 
i?+(i,m, 1) = i?+(i,m,0) U {oj-fe : j < z < /c} U {i9j-fc : i < fe} if (i, m) 7^ (ra, 1). 

Set: 

^ |min{i : \{hj) = for all j > i}, if A(/t„) ^ 1, 

1 min{i : X{hj) = for all i < j < n}, otherwise. 

It follows from the above that 

(4.2) i?+(A, 1) = R+{ix, A(/i,J, 1) = R+\{ej,k ■■ k < ix}. 

Proposition 4.4 follows immediately in the case X{hn) > 1. 

To complete the proof of Proposition 4.4, assume first that A(/i„) = and notice that x~..v = 
Xq. V = Q a i > i\. It follows that Xg_ = [2;" ^ ,,5 ^a^, ,J^-' — fo^ hj ^ I^j > ix and r G Z>o- 
Also, if r > 1 and j < ix, then Xg, , = [x~, ^ r-i'^a +1 „ il^ ~ ^- '^^^^ completes the proof in this 
case. 

If \{hn) = 1, then x~..v = ii ix < i < j < n. Hence, to conclude the proof, it suffices to show 
that xj. = for all i > ix- We prove this inductively on n — i In fact, it follows from the PBW 

theorem that 

mm] ^ E ^(9)x.-,i^- 

i<j<n 

In particular, the set of weights of iV(A)[l] is contained in S — where S = {X — 9ij : i < j < n}. It 
is easy to see that A — On-i^n-i is a maximal element of S. Hence, if Xq _^ _^ / 0, it would follow 
that V{X — 6n-i,n-i) would be an irreducible constituent of Ar(A)[l]. But the condition A(^„) = 1 
implies A — 6n-i,n-i ^ ■ Since N{X) is finite-dimensional, it follows that the inductive argument 
starts. Now suppose we have proved ^^v = Q for all i > j for some j < n — 1 and observe that 

A — 6j-i^n-i is a maximal element of 5'\{A — 6i^n-i '■ i > j}- Once more A — 9j-i^n-i ^ -P^ and we 
conclude the inductive argument as before. 
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4.2.2. Type D. In this case we have 

R~^{i, m, 0) = {aj^k i < j or k < i} U {'&j,Oj^k ■ i < j} ii i ^ n,n — 1, 
R'^{i, m, 0) = {(Xj^k '■ k < n — 1 ov k = i'} ii {i, i'} = {n, n — 1}, 
i?+(l, m, 1) = ii+(n - 1, m, 1) = m, 1) = m, 2) = i?+ for ah i e /, 

i?"'"(i,m, 1) = E+(i,m,0) U {Q!j-,fe : j < i < fc} U {6'j-,fe : i < A;} if i^{l,n-l,n}. 
In particular we have 

(4.3) i?+(A, 1) = if A(/ii) = for all i^{l,n-l, n} 

and, hence, M(A) is an irreducible g-module. Set = 1 if X{hi) = for all z ^ {1, n — 1, n} and 

(4.4) ix = min{i : X{hj) = for alH < j < n — 1}, otherwise. 
It follows that 

(4.5) R+{X, 1) = R+ih, A(/iiJ, 1) = R+\{ej,k ■■ k < ix}. 

We are left to show that Xg.. = if j > ix- But this is clear since x~.^_^v = if ix < j and 



The following corollary is now immediate and proves the first isomorphism of Conjecture 3.17 in 

some very particular cases. 

Corollary 4.5. Suppose A G P+ is such that: 

(a) X{hi) = for all 1 < i < n and X{hn) < 1 if £| is of type 5, 

(b) X{hi) = for all i ^ {1, n — 1, n) if g is of type D. 

Then, M(A) is irreducible as a g-module. In particular, M(A) = T{X). □ 

4.3. The ^-characters. Let Z['Pg] be the integral group ring over Vq. The ^-character oiV^Cq is 
defined to be the following element of '^\Pq\ 

(4.6) char£(y) = ^ dixn{Vn)n. 

The ^-characters are better known as ^'-characters, since this was the name used when they were first 
defined in [23]. We prefer to call them ^-characters for the following two reasons: first they record 
information about the dimension of the weight spaces of V (which are not known as g- weight spaces), 
and second, the definition makes sense in the classical context as well. However, due to Theorem 2.9, 
the study of ^-characters in the classical case easily reduces to the study of characters and, therefore, 
the concept of ^-characters is indeed interesting only in the quantum case. 

The proof of the following four results can be found in [9, 22]. 
Proposition 4.6. Let g = sl2,a G C{q)^, and r e Z>o. Then 

r / k \ r / k 

k=Q \j=l J k=0 \j=l 



Theorem 4.7. Let F be a quotient of Wq{X) for some A G Vq. If Vu, ^ 0, then /J, < X. □ 



□ 

q. nv^j, - ^ 
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Proposition 4.8. Let V G Cq,v G V^\{0} for some fi G Vq, and suppose i G / is such that xfj.v = 
for aU r G Z. Then, ^^(u) G C{q)[u] and, if ^^{u) = HfeLi fi,ak,rkiu) as in (1.14), 

k=lj=l 

Moreover, dim(Vju(Q; > #{1 < I < k : ai = Uk}. □ 

Given V € Cq, let 

wt^(F) = {^eVq:V^j^ 0}. 
A highest-^-weight module V of highest ^-weight A G 7^^ is said to be special if 

wt^(F) nv+ = {A}. 

Theorem 4.9. If A G Vq is such that Vq{\) is special, then the output of the Prenkel-Mukhin 
algorithm with input A is char^(yg(A)). □ 

The following theorem was proved in [24]. 
Theorem 4.10. If g is of type A,B, or G, then all minimal affinizations are special. □ 

Let Q be of type A,B, or G, and A G P"*". It follows from the above that if V^(A) is a minimal 
affinization of Vq{X), then char^(V^(A)) is given by the Frenkcl-Mukhin algorithm. Wc will actually 
need only the following corollary of the algorithm. Let V G Cq,v G V^\{0} for some ft G Vq, and 
suppose i e I is such that x'^^.v = for all r G Z. Using Proposition 4.8, we can write yLij(tt) = 
a.k,rki''^) ^ Then, the algorithm implies that 

(4.7) na^^ ewti{Vq{X)) iff b = Ukql'''^ for some k = l,...,m. 
The next proposition will be crucial for the proof of Proposition 3.19. 

Proposition 4.11. Suppose g is of type A, \ e P+, A = lli^i<^i,ai,x{hi)' A* € "^kiVqiX)), and 
A/i~^ = 0:^,6^.0:^+1,6^+1 ■ ■ ■ Oik,bk for some j <k and some a^, bi G C{q)^ , i e 1,1 = j, . . . ,k. 

(a) If ^ = q^(hi)+\{hi+i)+i fQj. ^ < ^YvQn bk = auq^^^'^'^''^ . 

(b) If ^ = q-{Khi)+Khi+i)+^) for all i < n, then bj = ajq^^''^^-^. 

Proof. Straightforward using induction on k — j together with (4.7). □ 

4.4. Quantized relations. We now prove Proposition 3.19. In particular, we assume that g is 
orthogonal. To make the notation more uniform, we assume for the rest of the proof that g is of type 
Bn or Dn+i,n > 2. Before we begin, let us remark the following corollary of Proposition 3.19 and 
Corollary 4.5. 

Corollary 4.12. Conjecture 3.17 holds if A satisfies the conditions of Proposition 3.19 as well as 
of Corollary 4.5. In particular, if V^(A) is a minimal affinization of Vq{X), then V^(A) = V^(A) as a 
C/g(g)-module. □ 

If A is supported on an admissible subdiagram. Proposition 3.19 easily follows from Propositions 
3.11 and 4.4. In particular, we can henceforth assume that the support of A contains a spin node and 
that there exists i < n such that A(/ij) 7^ 0. If g is of type D, we will prove Proposition 3.19 in the 
case X{hn+i) = (the other cases are proved similarly). Set 

(4.8) i\ = min{i : X{hj) =0 for all i < j < n}, otherwise. 
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Observe that the above definition of ix does not coincide with the one given in subsection 4.2 for g of 
type B and A(/i„) > 1. 

Prom now on we assume that A G V^'^ is such that V = Vq{X) is a minimal affinization of V^(A) 
and a G C is such that A = a;A,a- We also fix a highest-£-weight v vector of V and G A^, z G J, such 

that A = ^^e7'*'^,ai,A(M• 
Let v' be the image of v in L{X). It again follows from Proposition 3.11 that x~., ^v' = if « = j 
or if j < n. If is of type B, this implies x~, ^ ^v' = i > ix. If g is of type D and ix < i < n, ii 
follows that x~ tv' = x~ ^v' = ^v' = 0. We claim that it remains to show that x~ ^v' = 
for i < ix- In fact, if g is of type B this is clear from Proposition 4.4. If g is of type D, it follows that 
^^a""' = [^an+i'^a,,„,i]^' = provided x-.^^^y = 0. 

Denote by v the image of v in V. It suffices to show that x~ = ax~. v for all i < ix- Consider 
the elements 

j 

(4.9) X-.^^ = [xT^, [xj_^, - - - [Xi^i,xr] ...]] and hj = 

i=i 

for i < 7 < n and r G Z>n. Set also . := X^ n and notice that X~ . „ = \xJ^,X~. . A if i < j. 
Clearly ^q^^.^^ ^ ^A(ft~) and -^oi^.r = s^oi^.r- We will need the following two lemmas 

Lemma 4.13. Suppose V ^ Cq, fi ^ P,w £ V^\{0}, and i e I are such that fi{hi) = and Xi~w = 
for / > i- Then X~. .w = xjx^ 



■j -^i-i 



• X- w. 



Proof. It is a straightforward computation using the commutation relations [a^; 5, a;/' s'] = for 1,1' 
such that ci^ii = and = if Z > z. □ 

The next lemma follows from the relation [/ij^i,x^] = — [2]q-x~^ together with Proposition 4.6. 

Lemma 4.14. Suppose 'u; is a highest-£-weight vector of Vq{uJi^ai,m) for some i G /, and some m G Z>o, 

then x7iU^ = aifll^a^rii^- D 
1,1 I 

Let A' be such that A — X' u^^ar^xihri)- Let also fi,f2 be highest-£-weight vectors of Vq{X!) and 
^9(^n,a„,A(/i„))- By Proposition 4.2 and Corollary 4.3, either Vq{\) ^ Uq{Q){vi ® V2) C ^^(A') ® 

yq{^n,an,\{hn)) o^" - Uq{g){v2 vi) Q Vq{Un^a„,\{hn)) ® V^g(A')- We assume we are in the former 

case (the latter is proved similarly using part (b) of Proposition 4.11 instead of part (a)). In particular, 
by Theorem 3.1, we must have 

(4.10) ^ = qd,X{hi)+d,+,X{hi+r)+r^ 

By Lemmas 1.3 and 1.4, modulo elements of the form x{vi (8> ^2) with x G Ua{q) <8) Ua{q) such that 

a; = 0, wc have 

® V2) = x~X-.^^__^{vi V2) - X-^^_^x-{vi V2) 

= Xnii^ai,n'"l) ^ ^2) - X- ,^_^{vi ® ix-V2)) 

= q'^^^''\x-X-,,^.,'"i) ®V2 + {1- q-^){X-^„_^vi) ® {x-V2) -vi^ iX- ,^_^x-V2). 
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On the other hand, 

= <,i((^ai,„^i) ® ^2) - X-.^„_^{vi ® (x-i?;2)) 

- (^ai,„_i^l) iK,n-l^n,lV2) - Vi <^ {X-^^_^X-^V2) 

= ^^^''"^Kl^ai.^-i^l) ® «2 + (1 - 9~')(^ai,„_i«l) ® K,1^2) - I'l ® (X". ^^x" ^I^s). 

Using Lemma 4.14 we get 

+ ang^^'^") ((1 - q-^){X-.^_^vi) ® (x-i;2) -vi® iX-^_^x-V2)) 
= anq^^^'-^X- Jvi ® V2) + q^^^-\x-iX- ^_^vi) ®V2- anfeX". ® V2. 

Hence, it suffices to show that 

(4.11) g^(''")(x-iX-. ^_^i;i) ®V2 = an{x-X-^^^_^vi) ® V2. 

If i > i\, both sides of the above equahty vanish. If i < we proceed as follows. Notice that 
^_-^vi = for all r G Z and let 14^ be the f/q(g„)-submodule of Vq{X') generated by X~. ^_-^vi. 
Then, by Proposition 4.11(a), the highest-£-weight of VF is a» r^\(h„_^) v- Moreover, by (4.7), 
W is a minimal affinization. Hence, by Lemma 4.14, 

This and (4.10) imply (4.11). □ 



5. Graded Characters of Restricted Limits of Minimal Affinizations 

5.1. Preliminaries. Although Theorem 3.1 tells which objects of Cq correspond to minimal affiniza- 
tions, it does not say anything about their ?7g(0)-structure, unless g is of type A. In some few cases this 
is known (see [4, 11, 12]). Naturally, in principle, the C/q(fl)-structure can be read off the ^-character. 
In practice, this is not so easy to do, even in the situations that the Prenkel-Mukhin algorithm does 
produced the ^-character. We will now apply the techniques of [11, 12] to prove Proposition 3.21 and, 
hence, Conjecture 3.17 in those cases. As a byproduct of the proof, we obtain closed formulas for the 
character of the minimal affinizations if A is as in Proposition 3.21. We shall also prove an analogue 
of Conjecture 3.17 in the case of multiple minimal affinizations for g of type Z)4. 

We shall make use of the following lemma (see [12, §1.5]). 

Lemma 5.1. Consider the three-dimensional Heisenberg algebra ^ spanned by elements x, y, z where 
z is central and [x, y] = z. Suppose that F is a representation of and let 7^ G F be such that 
x^v = 0. Then for all k,s £ Z>o the element y^z^v is in the span of elements of the form x°"\^z'^v with 
0<c<r, a-|-c = s,6-|-c = />;-t-s. □ 

Introduce the following notation. Let ^ be a finite-dimensional g-module and A G . Denote 

by ra\{y^ the multiplicity of the irreducible module 1^(A) as an irreducible constituent of V . Set 
= di/r^ . Hence, if q is simply laced, d[ = di = 1. If q is of type B,d'^ = 1 ii i <n and d'^ = \. The 
symbol [m] means the largest integer not greater than m. 
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5.2. Type B. Given i G I and m € Z>o, let Vi^m be the image of 1 in M{mu)i). The following was 
proved in [5, 11]. 

Lemma 5.2. 

(a) M{muJi) ^ V{muJi). 

(b) M{moj2)[l] = if ^ > [d'^m] and M(ma;2)[/] = U{n-){xg^ i,i)'^^2,m = V'(mu;2 - ^6*1,1) if < / < 
[d'2ni]. 

(c) M{mojz)[l] = if Z > [^m] and M(ma;3)[/] = U{n-){xQ^^^^yv3,rn = V{mu3 - 162,2) if < Z < 
[4m]. Moreover, {x^^ ^ -^Y^-^{x^^^ -^Y^^^V3,rn is a multiple of (a;~ )''i'Ha;^2_2,i)''''^'^''''^^3,m- □ 

The "moreover" part of the above lemma can also be proved using Lemma 5.1. 

Proposition 5.3. Suppose A G P+ is such that \{hi) = for i > 2. Then, M{\)[k] ^ V{\ - kOi^i) if 
< A; < [4A(/i2)] and M{X)[k] = otherwise. Moreover, M(A) ^ r(A). 

Proof. Let v be the image of 1 in M(A). Equation (4.2) implies R^{\, 1) 2 Together with 

the PBW Theorem, this implies that 

M(A)= f/(n-)(x,-^ ,)V 
fc > 

It follows from Lemma 2.2 that m^{M{\)) < 1 for every // and that m^{M{\)) may be nonzero only 
when |U = A — kOi,\ for some A; G Z>o. Since ^1,1 = (d2)'~^W2, At — G iff A; < [d2A(^2)]- 

Now let Vi be a nonzero element in the top weight space of M {X{hi)u)i) , i = 1,2. Then, by 
[11], {xg^_^ i)^^2 is the highest-weight vector of the irreducible g-submodule of M{X{h2)i02)[k],k = 
0, . . . , [(i2A(/i2)], while M{X{hi)uJi) is an irreducible g-module itself. Therefore, {xg_^ ^ ^ ^2) = 

vi (g) {xg^ i,i)''v2 7^ proving that r(A)[A;] ^ 0. Hence, r(A)[A;] = M{X)[k] and we are done. □ 

Remark. In particular, the above proposition reproves one of the the main results of [4] using a 
different method. 

Now assume n > 3 and suppose A G P"*" is such that X{hi) = for z > 3. In this case equation (4.2) 
implies 

(5.1) i?+(A, 1) D i?+\{^2,2, ^1,2, ^1,1}. 

Observe that ^1^1 = uJ2,di.2 = toi—co2+{d2)~^uJ3 and 62,2 = (4)^^'^3^^i- In particular, {^2,2, ^1,2, ^1,1} 
is a linearly independent subset of ()*. Let ej,j G Z>o, be the standard basis of Z>q, set 

(5.2) ^3(A) = (r = (ri,r2,r3) G Z|o : rs < A(^2),r2 < A(/ti),ri +r2 < [^^(/ta)]} 
and, given r G Z>q, define 

(5-3) yr = (x,-^^,,)-(x,-^^,,)-(x,-^^J-. 

Notice that the elements Xq^ 2 i' ^^1 2 i' 1 1 commute among themselves. 

Lemma 5.4. Let v be the image of 1 in M(A). For every s G Z>q, 

ysv € ^[/(n")yrw 
r 

where the sum is over the elements r G Z>q such that rs < A(^2) and r2 < A(/ii). 
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Proof. By Lemma 5.1 with x = x^,^,y = x^^ ^ = Xg^ ^ ^ we have that y^v is in the span of elements 
of the form {x'^^)""ysiv with a > and s' such that S3 < A(/i2)- Using Lemma 5.1 once more, this time 
with X = x~^,y = Xg^ ^-^^,z = Xg_^ 2 i' follows that an element yg/V with s' as above belongs to the 
span of elements of the form {x~^)°'yj-v with a > and r as claimed. □ 

Given r G Z>0) define 
(5.4) wt(r) = ri6'2,2 + ''2^1,2 + ^'s^'i,! and gr(r) = n + r2 + rs. 

Since {^2,2) ^i,2) ^1.1} is hncarly independent, it follows that wt is an injective function. 
Proposition 5.5. For every A G as above we have M(A) = T{X) and 

M(A)[Z]- e y(A-wt(r)). 

r e ^3 (A) : gr(r) = I 

Proof. Let v be the image of 1 in M(A). Equation (5.1), together with the PBW Theorem, imphes 
that 

M(A)= U{n-)yrv. 

Lemma 5.4 implies that the above sum can be restricted to r such that rs < A(/i2) and r2 < A(/ii). This, 

together with Lemma 2.2, implies that m^(M(A)) < 1 and equality may occur only if /x = A — wt(r) 

for some r as above. Moreover, wt(r) G P~^ only if ri +r2 < [rf3A(/i3)] and, hence, r must be in ^3(A). 

It follows that M(A)[Z] is a quotient of © V{X — wt(r)). In order to complete the proof, 

r e ^3 (A) : gr(r) = I 

it suffices to show that T'(A)[Z] contains a submodule isomorphic to V{X — wt(r)) for every r G .43(A) 
such that gr(r) = I. 

Thus, let Vi = Vj_^x{hi)^'^ — 1)2,3, and let v\ be the image of Vi in M{\{hi)uji){j) for j > 0. Then, if 
r G .43(A), Lemma 5.2 implies 

yr(^^i ®V2(^ vl^+'"') = vi® {xQ,^,,iy"'v2 ® {xQ^^^,J\xg^^,,iy"'vl'^"' 

(5.5) 

= v,® {xs,^^,J'v2 {x-J'{x,^^^J-'+'-H;^+^ / 0. 

Given r < A(/i2),s < [d'^Xihs]], let Tr,s{X) be the 0[t] -submodule of M(A(/ii)u;i) M(A(/i2)w2)(r) 
M{\{hs)u>3){s) generated by Vr,s '■= vi ^ V2 v^. Clearly Tr,s(A) is a quotient of T{X){r + s). Set 
ro = (s, 0, r) and = rj_i + (62 — ei) for 1 < j < s' := min(A(^i), s). Notice that 

s' 

Tr,s{\)[r + s] = Y,U{n-)yj..Vr,s and (A - wt(rj))(/ii) = A(/ii) + s. 

j=0 

In particular, A — wt(ro) is the unique maximal weight of Tr^sWlr + s]. We prove inductively on 
k = 0,l,...,s' that 

k 

i7(n-)yr .i;.,. = F(A - wt(r,)) 
j=0 j = o 

as 0-module. Since every r G 4.3(A) is of the form for some r, s,j as above this completes the proof. 

It is clear from Lemma 5.2 and (5.5) that n'^yro'^r,s = and, hence, generates a g-submodule 
isomorphic to V{X — wt(ro)). In particular, we can assume s' > 0. Notice that the weight space of 
V(\ — wt(rj)) of weight A — wt(rj) — (k — j)ai is one-dimensional for < j < k. Using the induction 
hypothesis on k, we know that the dimension of the weight space of X^j=o ^("~)yr ^r,* of weight 
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A — wt(ro) — (k + l)ai is A; + 1. Since the elements (Xa-^yyr^^i^j'^^r.s-^ < j < k + 1 are clearly linearly 
independent, it follows that V{X — wt(rfc+i)) is a submodule of ^^^n ^('^ )yr ^r,s- D 



Remark. Suppose n > 3 and that A G is such that supp(A) C {l,2,3,n} with \{hn) = 1. Since 
R'^{n, 1, 1) = R'^, it follows that all of the above can be carried out and Proposition 5.5 remains valid 
(notice = 1 in this case). 

5.3. Type D. Define the set A^IX) exactly as in (5.2) and the maps wt and gr as in (5.4). 
Proposition 5.6. If A G P+ is such that X{hi) = 0if3<z<n-l then, M(A) ^ T(A). Moreover: 

(a) If n = 4, then M{X)[l] ^ V{X - Wi^i) if < / < A(^2) and M{X)[l] = otherwise. 

(b) If n > 4, then 

M(A)[/]- l^(A-wt(r)). 

r € AsiX) : gr(r) = I 

Proof. The proof is essentially the same as that of Proposition 5.5 using that R'^{mLOi, 1) = i?"*" if i 
labels a spin node. □ 

In particular, the above proposition gives the description of the graded characters of M{X) in types 
D4 and D5 for any A G . If supp(A) contains at most one of the spin nodes, it follows that the 
above is also the character of the minimal affinizations of V^(A). Otherwise, it is just a lower bound. 

Now, let m G Z>o and set A{m) = {r = (ri, r2, . . . , r[(„_2)/2]) £ Z>o "^^^^^ : m > ri > • • • > 
r[(n-2)/2]}- Define 

[(n-2)/2] [(n-2)/2] 

(5.6) wt(r) = rjen-2j,n-2j, and gr(r) = ^ rj. 
It was proved in [5, 11] that 

(5.7) M{mL0n-2)[l]= yrVn-2,m= F(ma;„_2 - wt(r)) 

re-4(m):gr(r)=J r € A{m) : gr(r) = / 

where 

[(n-2)/2] 

Proceeding similarly to the proof of Proposition 5.5 one also proves the following. 
Proposition 5.7. Let A G F+ be such that X{hi) = if i < n - 2. Then, M(A) ^ r(A) and 

M(A)[/]- F(A-wt(r)). 

r € A{X{h„-2)) : gr(r) = / 

□ 



5.4. Multiple minimal affinizations: the regular case. Let g be of types D oi E and io G / be 

the unique node triply connected. Let also Ji,J2,J3 Q I be an enumeration of the three maximal 
sub diagrams of type A of the Dynkin diagram of g (they are not admissible). Let also J'f, = Jif\ Jm 
for = {1,2,3}. It follows from [17, Theorem 6.1] that, if A(/ij„) ^ and A is supported on 

the three connected components of /\{io}, then Vq{X) has exactly three equivalence classes of minimal 
affinizations. Moreover: 
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Theorem 5.8. Let A G Vq be such that wt(A) = A where A is as above. Then V^(A) is a minimal 
afHnization of ^^(A) iff there exists k G {1, 2, 3} such that Vg(Aj,) is a minimal affinization of Vq{\J^) 
for l^k. □ 

Definition 5.9. Given A G P+ and k G {1, 2, 3}, let Mfe(A) be the quotient of ^(A) by the submodule 

generated by the vectors x~'^v\ for all a G with I ^ k. Suppose A G V^T^ is such that Vq{Xj^) is 

a minimal affinization of Vq(Aj;) for I ^ A;. Set Tk{X) to be the fl[i] -submodule of M{X'^'k) (g) L{X^'^'^'i<:) 
generated by the top weight space. 

It is quite simple to see that Mfc(A) is a restricted g[f]-module and that M{\) is a quotient of 
Mfc(A) for all k. Moreover, proceeding similarly to the proofs of Propositions 3.18 and 3.19 we get the 
following analogue (we omit the details). 

Proposition 5.10. Let A G "P^^ and k G {1,2,3} be such that V^(Ajj) is a minimal affinization of 
Vq{XjJ for / k. Then there exist surjective g[t]-module maps Mfc(A) -» i^(A) -» Tk{X). □ 

Conjecture 5.11. Suppose A G P'^ is supported on the three connected components of I\{io}- Then, 
Tk{X) and Mfe(A) are isomorphic for every k G {1,2,3}. 

Corollary 5.12. Suppose A G "P^^ and k G {1,2,3} are such that Vq{XJ^) is a minimal affinization 
of Vq{Xji) for I ^ k and wt(A) is supported on the three connected components of I\{io}. Then, 
TkiX) ^ L(A) ^ Mfe(A). 

We now prove Conjecture 5.11 for q of type D4. Thus, let A G P"*" be such that A(/ij) 7^ for all i ^ 2, 
and let A be such that Vq{X) is a minimal affinization of Vq{X). Set also Ji = {1, 2, 3}, J2 = {1, 2, 4}, 
and J3 = {2,3,4}. Without loss of generality we can assume that V^(Aj^) and Vq{Xj2) are minimal 
affinizations. We want to show that T3(A) = M3(A) in this case. We also assume that 

(5.9) A = U)i^a,X{hi) '*'2,ag^(''i)+^(''2)+i,A(^2) '*'3,ag^(''2)+^(h3)+i,A(/i3) '*'4,aq^(''2)+A(/>4)+i,A(^4) 

for some a G C^. The case 

A = U)i^a,X{hi) '*'2,ag-(^(''i)+^(''2)+i),A(fe2) '*'3,ag-(^(''2)+^(''3)+i),A(ft3) '*'4,aq-(^(''2)+^(''4)+i),A(fe4) 

is proved similarly. If A(/i2) 7^ 0, these two cases cover all minimal affinizations such that Vq{Xj^) 
and Vq{Xj,^) arc also minimal affinizations. Otherwise, there are two more possibilities for A (see the 
closing remark of subsection 5.5). 

Let V be the image of 1 in M^^X). By the very definition of M^(X) wc have the following relations 

(5-10) x-^ -^v = x-^^^^^^v = X- = x-^^^^^^^^^v = 

for all i^j & I^j ^ 2. Using the commutation relations = 2:"+^ (up to multiple) we also get 

(5.11) x-.^v = V a G 

Let -i^i = X]i=i Oii = uji + + UJA — a;2, ■!?2 = i?i - = cjs + 0^4 — a;i , and 9 = 9i^i = i?! + a2 = 0i>2- It 
follows that 

M3(A)= U{n-)yrv 

where 

yv = {xi,r{x-,^,,r{x-,^,,r. 

Since {'!9i,i92,^} is a linearly independent subset of [)*, it follows, as before, that m^(M3(A)) < 1 for 
every /x G P"*" and equality may occur only if /x = A — ri-di — r2'i?2 — r^O for some Vj G Z>o. But such 
elements are dominant iff 

ri < A(/ii) + r2, r3 < A(/i2) + J^i, and ri + r2 < min{A(/i3), A(/i4)}. 
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Set 

(5.12) P3(A) = (r G Z|o : n < A(/ii), < A(/i2), n+r2< min{A(/i3), A(/i4)}} • 
Proceeding similarly to the proof of Lemma 5.4 one proves that 

(5.13) Ms{X)= J2 U{n-)yj,v. 

rei>3(A) 

Given r G Z>q, define 

(5.14) wt(r) = rii?i + r2??2 + ^36* and gr(r) = n + r2 + r3. 

Since ?92, ^} is linearly independent, it follows that wt is an injective function. In order to complete 
the proof of Conjecture 5.11 in this case, it suffices to prove that m^(T3(A)) > 1 if = A — wt(r) for 
some r G P3(A). In particular, it will follow that 

(5.15) Ms{\)[l]= l^(A-wt(r)). 

r G 173 (A) : gr(r) = / 
We begin by proving the following proposition. 

Proposition 5.13. Let b € A^,/i = m^uj^ + 1714004^ G P"*", and /i = tt'3,6,m3'*'4,65'"4-'"3,m4- Then, 
L{iJ,)[l] = V(iJ, — M2) for < ^ < min{m3, 771,4} and L{fi)[l] = otherwise. 

Proof. Let i; be a highest-weight vector of -L(/x). Quite clearly v satisfies relations (5.10) and (5.11). 
Moreover, proceeding as above, we get 

min{m3,m4} 

L{t^)= U{g)yrv= Uin-)ix^^Jv. 

and, by Lemma 5.1 once more, 

(5.16) i^^^in^^^ipv = i^a^ri^^,,ir-''''v- 

Without loss of generality, assume m4 > 771,3 > 1 and observe that 

(ms-l \ / m4-m3-l 

j=0 J \ j=0 

Then, by Proposition 4.2 and its corollary, Vq{fi) is the C/q(0)-submodule of 

(V^g(^<^3+^4,6gl-m3) • • • ® ^g(^^3+^4,6gm3-l)) {Vq{iV ^^f^gm^ + l) ® • • • Vg{u 4^t,g2m^-^s-l)) 



generated by the top weight space. Let M'^iv^ + UJ4) be the pullback of Vq(uJu^+u}4,bq"^) by T5, where 
7n G Z and let T'{fi) be the 0[t]-submodule of M'{u;3 + a;4)®™^ « M(w4)®'"4-"^3'-i. As before, it 
follows from Lemma 2.16 that T'{iJ,) is a quotient of L{iJ,). Hence, we are left to show that r'(/x) 
has V{fi — W2) as an irreducible g-submodule for every < ^ < 7713. Moreover, it suffices to consider 
the case 7774 = 7773 = m £ Z>o. Observe that Vq{uj^^^^^^f,gm) is not a minimal affinization and that 
Vltds) ® V(Ld4) = V{uj3 + uoi) © V{uJi). In other words, the proposition is proved for 7773 = 7774 = 1. 
Finally, let Vj,j = 1, . . . , ttz, be a highest-weight vector of the j-th. copy of M'{lo3+uj4) in M' {ujs+lo4)^"^ 
and let Vj be its image in M'{u3 -|-a;4)(0). Then, 

(^^2,i)'(^i (2> V2 ■ ■ ■ (8) uf+i (g) • ■ ■ vj^) = (a;;^2,i^i) (^^2,1^2) <8) ■ ■ ■ (8> {x:^^^^vi) (?) vf^^ <^---^v^ 
and we are done using a simple induction on Z. □ 
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Let vi be a highest-weight vector of M(A'f^'^^) and V2 be a highest-weight vector of L{X^^'^^). It 
follows from Proposition 5.6 and (5.16) that, if r € I'3(A), then 

(5.17) yr(t'i C5^2) = i{xgj"^vi) ^ i{x-JHx^,„ir^'''v2). 

The proof of (5.15) is now completed similarly to the end of the proof of Proposition 5.5. 

5.5. Multiple minimal afRnizations: the irregular case. Keep the notation of subsection 5.4. If 
A is supported on the three connected components of /\{io} and Xihi^) = 0, it follows from [19] that 
the number of equivalence classes of minimal afRnizations of Vq{X) is not uniformly bounded (it grows 
as A "grows"). If q is of type E, write / as the disjoint union of two connected subdiagrams of type 
A, say Ii and I2, and the subdiagram of type D4, say J. For q of type D we write / as the disjoint 
union of a subdiagram Ii of type A and the subdiagram J of type (for convenience we set I2 = 9 
and A'^ = 0). Similarly to the proof of Proposition 3.18 one proves: 

Proposition 5.14. Let A G P"*" and A G Vg be such that Vq{\) is a minimal affinization of Vq{X). 
Then L{X) projects onto the g[t]-submodule of L{X^^) (g) L{X'^) L{X^'^) generated by the top weight 
space. □ 

The natural conjecture is then stated as: 

Conjecture 5.15. Let A G and A G Vq be such that V^(A) is a minimal affinization of Vq{X). 
Then L{X) is isomorphic to the g[t]-submodule of L{X^'^)0L{X'^)i^L{X^^) generated by the top weight 
space. 

We shall leave this conjecture in a purely speculative tone for the moment and postpone further 
discussion of these cases to a forthcoming publication. 

Remark. Let A be as in [19, Theorem 2.2 (a)3,4 or (b)3,4]. If conditions (a)3,4 are satisfied, the results 

of subsection 5.4 apply and, hence, the graded character of L{X) is given by the right-hand-side of 
(5.15). In order to prove the conjecture of remark (1) that follows Theorem 2.2 of [19], it suffices to 
show that, if conditions (b)3 4 are satisfied, then the graded character of L{X) is also given by the 
right-hand-side of (5.15). The proof is essentially the same as for the former case replacing Proposition 
5.13 by its appropriate obvious modification. We omit the details. 

References 

1. J. Beck, Braid group action and quantum affine algebras, Commun. Math. Phys. 165 (1994), 555-568. 

2. J. Beck, V. Chari, and A. Pressley, An algebraic characterization of the affine canonical basis, Duke Math. J. 99 
(1999), 455-487. 

3. V. Chaxi, Integrable representations of affine Lie algebras, Invent. Math. 85 (1986), 317-335. 

4. , Minimal affinizations of representations of quantum groups: the rank-2 case, Publ. Res. Inst. Math. Sci. 31 

(1995), 873-911. 

5. , On the fermionic formula and the Kirillov-Reshetikhin conjecture, Int. Math. Res. Not. 2001 (2001), 629-654. 

6. , Braid group actions and tensor products, Internat. Math. Res. Notices 2002 (2002), 357-382. 

7. V. Chari and J. Greenstein, A family of Koszul algebras arising from finite- dimensional representations of simple 

Lie algebras, arXiv:0808.1463. 

8. V. Chari and D. Hernandez, Beyond Kirillov-Reshetikhin modules, arXiv:0812.1716. 

9. V. Chari and A. Moura, Characters and blocks for finite- dimensional representations of quantum affine algebras, 
Internat. Math Res. Notices 2005 (2005), 257-298. 

10. , Characters of fundamental representations of quantum affine algebras. Acta Appl. Math. 90 (2006), 43-63. 

11. , The restricted Kirillov-Reshetikhin modules for the current and twisted current algebras, Comm. Math. Phys. 

266 (2006), 431-454. 

12. , Kirillov-Reshetikhin modules associated to G2, Contemp. Math. 442 (2007) 41 59. 

13. V. Chari and A. Pressley, New unitary representations of loop groups, Math. Ann. 275 (1986), 87-104. 

14. , A guide to quantum groups, Cambridge University Press (1994). 



30 ADRIANO MOURA 

15. , Quantum affine algebras at roots of unity, Representation Theory 1 (1997) 280-328. 

16. , Small representations of quantum affine algebras, Lett. Math. Phys. 30 (1994), 131-145. 

17. , Minimal affinizations of representations of quantum groups: the simply laced case, J. of Algebra 184 (1996), 

1-30. 

18. , Minimal affinizations of representations of quantum groups: the nonsimply laced case, Lett. Math. Phys. 35 

(1995), 99-114. 

19. , Minimal affinizations of representations of quantum groups: the irregular case, Lett. Math. Phys. 36 (1996), 

247-266. 

20. , Weyl modules for classical and quantum affine algebras. Represent. Theory 5 (2001), 191-223. 

21. I. Damiani, La R-matrice pour les algebres quantiques de type affine non tordu, Ann. Sci. Ecole Norm. Sup. 31 (1998), 



493-523. 

22. E. Prenkel and E. Mukhin, Combinatorics of q-characters of finite-dimensional representations of quantum affine 
algebras. Comm. Math. Phys. 216 (2001), 23-57. 

23. E. Frenkel and N. Reshetikhin, The q-characters of representations of quantum affine algebras and deformations 
of W -algebras. Recent developments in quantum affine algebras and related topics (Raleigh, NC, 1998), Contemp. 
Math. 248 (1999), 163-205. 

24. D. Hernandez, On minimal affinizations of representations of quantum groups, Comm. Math. Phys. 276 (2007), 
221-259. 

25. J. Humphreys, Introduction to Lie algebras and representation theory, GTM9 Springer (1972). 

26. D. Jakelic and A. Moura, Finite- dimensional representations of hyper loop algebras over non-algebraicaly closed fields, 
to appear in Algebras and Representation Theory DOI: 10.1007/sl0468-008-9122-5, arXiv:0711.0795. 

27. , Tensor products, characters, and blocks of finite- dimensional representations of quantum affine algebras at 

roots of unity, in preparation. 

28. M. Jimbo, A q-analogue ofU{gl{n-\- 1)), Hecke algebra and the Yang-Baxter equation, Lett. Math. Phys. 11 (1986), 
257-252. 

29. C. Kasscl, Quantum groups, GTM 155, Springer- Vorlag (1994). 

30. A. Kirillov, N. Reshetikhin, Representations of Yangians and multiplicities of ocurrence of the irreducible components 
of the tensor product of simplie Lie algebras, J. Sov. Math. 52 (1981), no. 5, 393-403. 

31. G. Lusztig, Introduction to quantum groups, Birkauser (1993). 

32. W. Nakai and T. Nakanishi, Paths and tableaux descriptions of Jacobi-Trudi determinant associated with quantum 
affine algebra of type Dn, to appear in J. Algebraic Combiri., math.QA/0603160. 

33. , Paths and tableaux descriptions of Jacobi-Trudi determinant associated with quantum affine algebra of type 

Cn, SIGMA 3 (2007), 078, 20 pages. 

34. , On Frenkel- Mukhin algorithm for q-character of quantum affine algebras, to appear in Adv. Stud, in Pure 

Math., the proceedings volume for the workshop "Exploration of New Structures and Natural Constructions in 
Mathematical Physic" , Nagoya 2007. 



UNICAMP - IMECC, Campinas - SP - Brazil, 13083-970. 
E-mail address: aamoiira@ime.imicamp.br 



